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ABSTRACT
It is shown that a flow invariance problem for semilinear parabolic equations is
locally soluble if and only if Pavel’s tangent condition holds.

1. Introduction

Motivated by [1],[7],[8],[10], we consider the local existence of solutions to the
parabolic evolution equations

{du/dt+A(t)u =f(t,y), s<t=T,
(1.1)

u(s) = uy,

associated with the flow invariance condition
(1.2) u(t) EDNDWA(L) +20)°), S=t=T

in a Banach space X. Here T'is a constant, 0 =s< 7, 0= a < 1, D is a closed sub-
set of X, z, is a constant such that p(A(¢) + 20) D {2z € C; Re(z) =0}, A(#) gen-
erates an analytic semigroup e ") for 0 = ¢t = T, and

(A(t) + 20)* = (1/T(1 — a))f re(A(t) + zo)e AN gr,
0
Our main interest is the Pavel’s condition (cf. [7],[8])

(1.3), hlir(r)1+ disty (U(t + h,t)v + hf(t,v),D) =0, 0=21< T, veD,),
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where D, (1) =D N D((A(t) + 29)%), U(¢,s)v is the solution of (1.1) with f=0,
and u, = v. We shall show that if

(1.4) ue,s)DCD for0=s<t=T,

then (1.1)-(1.2) is locally soluble if and only if (1.3), is valid. A typical case to
which it applies is the semilinear parabolic systems

uf + 3, af(t,x)D;Dju* = f*(t,x,u,Du), s<t=T, x€G,

i,jSn

(1.5 b*du*/dv + ck(t,x)u* =0, s<t=T, x€iG,

uk(s,x) =uf(x), x€G; k=1,...,m,
associated with the flow invariance condition
(1.6) u(t,x) el, s=t<T, xel.

Here G is a smooth bounded domain of R”, x = (xy,...,X,), D; =38/3x;, D =
(Dy,...,D,), u=(u',...,u™), Iis a closed convex subset of R™ defined in sec-
tion 2, and v is the outer normal vector field of dG. Since the counterpart of (1.4)
is satisfied with respect to (1.5)-(1.6), we thus obtain a necessary and sufficient
condition for local existence of solutions to the flow invariance problem (1.5)-(1.6).

The flow invariance problem stems from Nagumo [6] in studying ordinary dif-
ferential equations in R”. Nagumo’s work has now been extended to evolution
equations (cf. [1],[3},[5],[7],[8},[91,[10]) and differential inclusions (cf. [2],[12]).
The problem (1.1)-(1.2) was studied in [1],[5] under (1.4) and the Nagumo-type
condition

1.7 li}rlnggfh”'distx(v+hf(t,v),D) =0, 0=t<T, veD,),

which is not a necessary condition for solving (1.1)-(1.2). Pavel obtained a result
in [7],[81,[9] that (1.3), with @ = 0 is a necessary and sufficient condition for lo-
cal existence of solutions to (1.1)-(1.2) with @ = 0. This applies to (1.5)-(1.6) with
f independent of Du. We also refer to [1],[3],[10] for existence of solutions to
(1.5)~(1.6) under a counterpart of (1.7). Especially, we are interested in [10], where
Priiss proved that (1.1)-(1.2) is locally soluble if and only if the following condi-
tion holds:



Vol. 74, 1991 PARABOLIC EQUATIONS 259

( there is a constant o0 > O such that for0=¢< T,
v € D, (1), small &> 0, there is w, € D, (f + k)
(1.8), { satisfying |zs}x = o(h), | A°(t + h)zx}§x = 0(h°), where

t+h
z;.=U(t+h,t)v+f U(t+ h,r)f(t,v)dr — w,.
H

As is announced in [10], whether (1.3), is a necessary and sufficient condition for
solving (1.1)-(1.2) remains an open question. Our main goal is to give an affirma-
tive answer to such a question with respect to (1.5)-(1.6).

2, Preliminaries and main results

Let X and Y be Banach spaces. Then L(X;Y) denotes the Banach space of all
bounded linear operators from X into Y, X < Y means that X is continuously
imbedded in Y, and X < Y means that X is continuously and compactly im-
bedded in Y. Moreover we set

Tr={(t,5) ER}0=s=t=T}, Ti=(ts)ETrs<1],
J=1[0,T], J,=JNI[s,r+8], Jo,=JN(s,s+r], forsr>0.
In this paper, we are interested in the following assumptions for (1.1)-(1.2).

(A1) X is a Banach space, and {A(?);7 € J} is a family of densely defined and
closed linear operators in X for which p(A(¢) + zo) D {z € C; Re(z) =0}, and
there is a constant ¢; > 0 such that

l(z+ AN xS a1+ |z))™"  forteJ, Re(z) Z zo.

(A2) If D(A(t)) = D(A(0)) for ¢ € J, then there are constants ¢; >0, 0< b =
1 such that

| (A(t) = A(SH(A(S) + zo) x = |t —s|®  fort,sE

If D(A(2)) # D(A(0)) for t € J, then (A(t) + zo) " 'u, for u € X, is continuously
differentiable with respect to ¢, and there are constants ¢c; > 0, 1 > —c, > 0 such
that

| (A1) + 20)(A() + 2) ' d(A(t) + 20)~'/dt | x = €3]z — 20|,
te J, RC(Z)EZO.

(A3) D is a closed subset of X, and D(A(¢t)) <= X fort € J.
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(A4) f:J x D x Y- Xis continuous and maps bounded sets into bounded sets,
where Y <= X is a Banach space and there is a constant 0 = a, < 1 such that

(A() + 20) ‘u e C(J;Y) forue X, g<a<l.

DerNiTION 2.1, Let 0 = s < T, and (A1)-(A4) be valid. Then a function u is
said to be a local mild solution of (1.1)-(1.2) if there is a constant ¢ > 0 such that
ueC(JY), ulJ,) CD, and

u(t) = U(t,s)uy + fl uct,ryf(r,u(r))dr fortre J ,.

s

Moreover, we impose the assumptions of (1.5)-(1.6).

(B1) There is a positive constant d such that for k = 1,...,m, ¢k € C'*¢
(J x G;[0,:)), b* € {0,1}, and c*(t,x) = 1 if b* = 0. If c* is independent of
t € J, then a* = (a}):J x G - R is uniformly Holder continuous, and for
(¥1,---,Ys) ER™\{0},t€ J, x€G,

> ak(t,x)y;y; < 0;
i,jSn

otherwise, we additionally suppose that @ is uniformly continuously differentia-
ble with respecttore J; k=1,...,m.

(B2) There are / — 1 integers 0 = my < m; <---< m;= m such that ak=a™,
ck=cmi b¥=bmform_+1Sk<m,i=1,....I;I=1 x---x I, where [;
is a closed convex subset of R™-"", and 0 € I; forj=1,...,L

B3) f=(f",....f™:Jx G x IxR"™— R™is uniformly Holder continuous.
Now we state our result for (1.1)-(1.2).

THEOREM 2.1. Let (A1)-(A4) be satisfied, 0 = s < T, ap< a <1, up € Dy(s),
and (1.4) be valid. Then the problem (1.1)-(1.2) admits a local mild solution if and
only if (1.3), holds.

In order to state our result for (1.5)-(1.6), we set, for p > n, and ¢, > 0 suffi-
ciently large, X, = L?(G;R"™),

D, = {u € X,;u(x) € I for a.e. x € G},

Ap(t) = (Zai}(t")DiD}’ . :Z a{?({,' )Dij) + ¢
iJ [¥)
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with
D(A,(2)) = (u € W*P(G;R™); b*ou*/3v + c*(t,x)u* =0
forxedG, k=1,...,mj},

and denote by U,: T — L(X,; X,,) the evolution system generated by {A4,(?) — ¢o;
telJjy.
With the above preparations, we state now our result for (1.5)-(1.6).

THEOREM 2.2. Let (B1)-(B3) be satisfied. Then
disty, (U, (t + h,t)yw+ hf(t,-,w,Dw),D,) = o(h) (h~0)
forallp>n,0<qg<1,0=t<T, we C"*(G;R™) with
bkaw/dv + ck(t,x)wk* =0, x€93G, k=1,...,m

a necessary and sufficient condition for the validity of the following assertion:

Forall 0£s<T,p>n, (1+n/p)/2<a<]l, there exists a constant o > 0 such
that (1.5)-(1.6) admits a solution u on J; , satisfying u(J;,,) C I, u(t) € D(A,(¢))
Jorte J:,,and u € C(J; . Y) N CJs 03 Xp).

3. Proof of the main results

Our theorems are mainly based on [10]. Let us begin with two lemmas.

LemMA 3.1 (cf. [14], [13], or [4]). Let (A1)-(A2) be valid. Then the operator
U: T, - L(X;X) is the evolution system generated by {A(t);t € J}, and satisfies,
forue X, a€ [0,1]1, b € [0,1], and some constant ¢ > 0,

(i) U(t,5)u € C(Tp;X), (A(t) + 20)°U(4,5)(A(s) + 20) ™ € C(TA; L(X; X)),

(i) | (A1) + 20)°U(1,)(A(s) + 20) | x S et — 5)*7%, (1,5) € T},

Gi)) U(t,s)U(s,r)=U(t,r), U(L,t)=id, 0=r=s=t=T.

LemMa 3.2 (cf. [10),[1]). Let (A1)-(A4), and (1.8), with ay < a < 1 be valid.
Then for every 0 = s < T, and every uy € D,(s), (1.1)~(1.2) admits a local mild
solution.

PRrOOF OF THEOREM 2.1. With the use of Lemma 3.2, we note that to prove the
sufficiency, it suffices to prove that (1.3),-(1.4) implies (1.8),.

Given 0 £t < T, and u € D,(t), we have, by (1.3),, that there is a number
dy > 0 such that

disty (U(t + d, t)u + df(t,u),D) = o(d) for do > d > 0,
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which implies that we can take v, = v,(d) € D, v, = v,(d) € X with |v;|x =
o(d) such that

3.1 Ui +dtyu+df(t,u) — vy —uv,=0.

Let h > d with h — h1+9/24 = d_We have, by (3.1),
t+h

3.2) U(t+d,t)u+f Us+d,nfit,uydr—v, — v =0,
t

where

t+h
vy = v + h2S (L u) + f (Ut +d,r)f(t,u) — f(t,u) dr,
t

which yields, by (A4) and Lemma 3.1, |v;|x = o(h). Moreover, applying
Lemma 3.1 and using (3.2) with U(f + h,t + d), we have

Ut+ ht+dyvs=U(t+ ht)u
t+h
+f Ut + hr)f(t,u)dr—U(t + bt + d)v,.
t

Setting z, = U(t + h,t + d)vy, and w, = U(t + h,t + d)v,, we have that, by (1.4)
and Lemma 3.1, w, € D, (¢ + h), and

1zulx = 0(h), A%t + Wzylx = h~*D20(Jus]x) = o(R1~272).

Consequently, we have (1.8),.
To prove the necessity, we note that for 0 = ¢t < T, uo € D,(¢), and

t+h
u(t+h) =U(t+h,t)uo+f Ut + h,r)f(r,u(r)) ar,
t

dist, (U(? + h,t)ug + hf(t,14,),D)
= || U(t + h,t)uo + hf(t,uo) - u(t + h)“X

h
= UH Ut + h,r)(f(t,up) — f(ru(r)) drl
t X

h
+ “f’+ (f(t,uo) - U(t + h9r)f(t1u0)) dar

X
=o(h).

The proof is complete.
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Remark 3.1. From the proof of Theorem 2.1, the above calculation is still
valid if (1.4) is replaced by the assertion that for 0 = ¢ < 7, u € D, and small
h > 0, there are w, € D((A(t + h) + 2¢)?), and ¢ > 0 such that

R U+ b t)u— wplx + h | (A(t+ h) + 20) (Ut + b, t)up — wy) | x = o(1).
PRrROOF OF THEOREM 2.2. Set Y = C'(G;R™), and foru € Y,

f(t,u)(X) '—'f(t,x,u,Du), tEJ, x e G,

B(t)u(x) = (b*u*/dv + c*(t,x)u*)7.,, teJ, x€agG,

so that (1.5)-(1.6) can be rewritten in the form in X,:

3.3) {“' + (A,(1) — c)u=f(tu), s<t=T,

u(s) =uy, u(t)ebD,, s=t=T.

By making use of a standard calculation (cf. [10],[1]), we have (A1)-(A4) with re-
spect to (3.3), and

u,s)d,Cb, for (1,5) € T,.
From the Sobolev imbedding theorem

D(AY(1)) = {u € C'*9(G;R™); B(t)u =0 on 4G}
forl<1l+g<2a-—n/p<2—n/pandt € J, it follows that the condition
G.4) disty (Up(t + h,t)u + hf(t,u),D,) =o(h)  (h~0)

forallt€[0,T),1<2a—-n/p<2-n/p,and u € D(A;(t)) N D, is equivalent
to the one that (3.4) holds for all t € [0,7), 1 <1+ ¢g<2a~-n/p<2-n/p,
ue€ C*(G;R™ N D, with B(¢)u = 0 on dG. Hence it remains to prove that
each mild solution of (3.3) is, in fact, a solution of (3.3), provided u, € D(A7(s))
with1 <2a-n/p<2 - n/p.

For convenience, we suppose that « is a mild solution of (3.3) with s = 0. Hence

u(t) =U(,0)uy + f’U(t,r)f(r,u(r)) dr, te J.
0

From Lemma 3.1, we obtain immediately that

(3.5) ue CyJ;X,) and Az(-)u(-)€L>(J;X,).
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On the other hand, it follows from (B3) that there is a small p > 0 such that
f(-,u(+)) € L*(J;C?(G;R™)). This together with (3.5) and [11] implies that
there is a constant 0 < u < min{p,1/p} such that

Ap()SCu() € LT3 X)),

so that by an elementary calculation, u(t) € D(A,(¢)) for 0 < ¢ = T. Conse-
quently, u is a solution of (3.3). The proof is complete.

Finally, we give an application of Theorem 2.1 in which D is bounded by a
function.

ExamplE 3.1. Letl<2a—-n/p<2—-n/p,bZ1,cZ1,
I={ue CY([0,7];R);u(x) <sin(x) for all x € [0, 7]},
Apu = —u,,  with D(A,) = W>P((0,7);R) N WgP((0,7); R),
f:I->R  such that f(u,u,) = u|u|®7V/(1 + |u,|°).

Then the problem

U, =u, + f(u,u,), xe€ (0,7), t>0,
(3.6) u(t,0) =u(t,7) =0, u(t)el, tz0,
u(0,x) = up(x), x€ (0,7)
admits a unique maximal solution
u € C([0, fnax); D(Ap)) N C(0, tnax); D(Ap)), u ([0, tmax)) C L.

Proor. Since f is Lipschitz continuous, from the proof of Theorem 2.2 and
the local extension procedure it suffices to show that (3.6) admits a local mild
solution

3.7 u € C([0,8);D(A%), u([0,6]) CI forsome > 0.
Let X = LP((0,7);R), Y = C'([0,7];R), w(x) =sin(x),
D={ue X;u(x) = w(x)fora.e. x € (0,7)},

and e 4 be the analytic semigroup generated by A. Moreover, setting wy, =
e "w— w4+ hAw, u, = e " u — w), for small A > 0, u € D N D(A°), we have

Iwallx + |A%wxx = o(h), u, € DN D(A%),
so that, foru e DN D(A%), h > 0,
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eMuZ=eMw=w—hw+w,=w+w, uecDNDAY,
e "y + hf(u,u,) < e "w+ hf(u,u,)

wH h(—w+ flu,u)) + w,

1l

HA

W+ Wy,

Thus we have

le~4u — up|x + |A%(e ™ u — up) | x = o(h),

disty (e "u + hf(u,u,),D) = o(h).

It follows from Remark 3.1 and Theorem 2.1 that (3.6) admits a local mild solu-
tion u, which obviously satisfies (3.7). The proof is complete.

REMARK 3.2. It should be noted that the function f in (3.6) does not satisfy the
Nagumo-type condition (1.7), and it is easy to see that {y € D(A%); —-w=y = w}
or {y€D(A%);0=y= wjisalso a flow invariant set of (3.6). In a flow invariant
set for (1.5) bounded by upper and lower solutions, we refer to [10, Theorem 6].
However, [10, Theorem 6] cannot be applied to (3.6).
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